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Ph 103c: The Physics of LIGO 
Assigned Reading: 
LECTURES 13 & 14 
Thermal Noise 
Lectures by Aaron Gillespie 
11 & 13 May 1994 
NN. Herbert B. Callen and Theodore A. Welton, "Irreversibility and generalized noise," 
Phys. Rev. 83, 34-40 (1951). [This paper derives a generalized version of the 
fluctuation-dissipation theorem (Nyquist's theorem), cf. Lecture 2. The terminol-
ogy and notation are quite different from what is now standard. Equations (4.8) in 
the quantum regime and (4.11) in the classical limit describe the mean square value 
(V2) of the fluctuating "generalized force" V in terms an integral over the real part 
R (w) of a complex generalized impedance Z(w) . In modem language, one switches 
from w to f = w/21r and thereby rewrites (4.11) as (V2) = 4kT f R(f)df , and one 
then identifies the contribution at frequency f as the "Spectral density" of V : 
Gv(f) == Sv(f) == y2(f) = 4kTR(f) j (1) 
and similarly for the quantum-regime formula (4.8).] 
00. Peter R. Saulson, "Thermal noise in mechanical experiments," Phys. Rev. D 42, 2437-
2445 (1990). [This paper applies the generalized fluctuation-dissipation theorem of 
paper 1. to thermal noise in a mechanical oscillator. The fluctuation-dissipation the<r 
rem is Eq. (5) of this paper j and it implies that the spectral density of the oscillator 's 
displacement x(t) has the form (16) , 
-2 4kBTk4>(w) 
Gz(f) = x (f) = w[(k _ mw2)2 + k2<j>2]' (2) 
Here k = mw~ is the oscillator's spring constant with Wo its angular eigenfrequencYj 
w = 21r f is angular frequencyj and k4>( w) is R( w), the real part of the generalized 
impedance. The key issue raised in this paper is "What is the frequency dependence 
of 4>( w)?" For viscous damping, 4> ex Wj for structural damping, 4> is independent of 
w.] 
PP. Aaron Gillespie and Frederick Raab, "Thermal noise in the test mass suspensions of a 
laser interferometer gravitational-wave detector prototype," Phys. Lett. A , 178, 357-
363 (1993). [In this paper strong evidence is given that for the flexural motion of the 
wire from which a test mass hangs, the damping is structural, i.e. 4> is independent of 
w. Note that in this paper the phrase "lineshape" is sometimes used for the spectral 
density x2 (f) .] 
Suggested Supplementary Reading: 
e. More on the fluctuation-dissipation theorem: 
Herbert B. Callen and Richard F. Greene, "On a theorem of irreversible thermo-
dynamics," Phys. Rev., 86, 702 (1952). 
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f. Elasticity theory: 
L. D. Landau and E. M. Lifshitz, Theory of Elasticit!l (Pergamon Press, New 
York, 1959). 
g. Losses in materials: 
gl. A.S. Nowick and B.S. Berry, Anelastic Relaxation in Crystalline Solids, (Aca-
demic Press, New York, 1972). [A good, general book.] 
g2. A.L. Kimball and D.E. Lovell, "Internal friction in solids," Ph!ls. Rev. 30 948 
(1927). [An early reference for losses independent of frequency, i.e. structural 
damping, in solid materials.] 
g3. Clarence Zener, "Internal friction in solids: I. Theory of internal friction in reeds," 
Ph!ls. Rev. 52 230 (1937) ; "Internal friction in solids: II. General theory of 
thermoelastic internal friction," Ph!ls. Rev. 53,90 (1938). [The original references 
for thermoelastic damping.] 
h. Vibrations of Cylinders: 
QQ. Aaron Gillespie and Frederick Raab, "Thermally excited vibrations of the mirrors 
of a laser interferometer gravitational-wave detector," unpublished (1994) . 
h2. James R. Hutchinson, "Vibrations of solid cylinders," J. Appl. Mech. , 41, 901 
(1980). 
h3. James R. Hutchinson, "Axisymmetric vibrations of free finite-length rod," J. 
Acoust. Soc. Am. 51 , 233 (1972). 
h4. G. W. McMahon, "Experimental study of vibrations of solid, isotropic elastic 
cylinders," J. Acoust. Soc. Am. 36, 85 (1964). 
I . "Exact" solution for a pendulum with a tinite size, lossy wire: 
Gabriela I. Gonzalez and Peter R. Saulson, "Brownian motion of a mass sus-
pended by an anelastic wire," J. Acoust. Soc. Am., in press (1994) . [See Aaron 
Gillespie (x2128) for a copy.] 
J. Ultra-High Q pendula: 
jl. V.B. Braginsky, V.P. Mitrofanov, and O.A. Okhrimenko, "Pendulum fused silica 
oscillators with small dissipation," Ph!ls. Lett. A , 115, 82 (1993) . 
j2. D.G. Blair, L. Ju, and M. Notcutt , "Ultra high Q pendulum suspensions for 
gravitational wave detectors," Rev. Sci. Enstrom. , 64, 1899 (1993) . 
k. Some current experimental work: 
kl. J.E. Logan, N.A. Robertson, J . Hough, and P.J. Veitch, "An investigation of 
coupled resonances in materials sui table for test masses in graviational wave de-
tectors," Ph!ls. Lett. A 161, 101 (1991). 
k2. J.E. Logan, N.A. Robertson, and J . Hough, "An investigation of limitations to 
quality factor measurements of suspended masses due to resonances in the sus-
pension wires," Ph!ls. Lett. A, 110, (1992). 
RR. A. Gillespie and F. Raab, "Suspension losses in the pendula of laser interferometer 
gravitational wave detectors," Ph!l8 Lett A, in press (1994). 
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A Few Suggested Problems: 
1. Relationship between the equipartition theorem and the fluctuation-dissipation theorem. 
Consider a pendulum with mass m = lkg and swing frequency fo = 27rwo = 1 Hz, 
and with damping such that, when it is driven at angular frequency w, its equation 
of motion is 
mx = -k(1 + i,p(w))x + Fe""l ; (3) 
where k = mw~ and x is the transverse position of the pendulum mass. Recall from 
Gillespie's lecture or the above assigned reading that the pendulum's position will 
exhibit fluctuations with spectral density given by Eq. (2) above. 
a. If the pendulum is set swinging freely, what is its damping time, i.e. the time T. 
for its energy of swing to be damped by l/e? 
b. Take ,pew) = 10-7 w/wo , corresponding to weak frictional damping. Integrate 
the thermal noise spectrum to find the pendulum's rms velocity Vrm• = (:i;2)1/2. 
Compare your result with the rms velocity predicted by the equipartition theorem. 
c. What is the full width at half maximum (FWHM) of the thermal noise spectral 
density ;x2(J) in terms of f o and ,pew)? 
d. What fraction of the pendulum's total rms energy lies in the frequency band 
defined by the FWHM around the resonant frequency? What fraction lies within 
10 FWHM? 
e. Take ,pew) = 10-7 independent of w, corresponding to structural damping. No-
tice that at w « wo , the pendulum's motions are characterized by flicker noise, 
;x2(J) ()( 1/ f , and that as a result the integral of the spectral density diverges. 
Can you explain physically how this comes about? Take as a lower cutoff fre-
quency the inverse of the lifetime of the universe (1010 years). What then is the 
pendulum's rms velocity? 
2. Johnson noise and thermal noise due to eddy current damping. In Gillespie's lecture 
the eddy current damping of a pendulum due to a simple current loop and a resistor 
was found; see his transparency number 20. 
a. What is the spectral density of the pendulum's displacement, ;x2(J)? 
b. An electrical resistor has Johnson noise, y2(J) = 4kBTR where R is its resis-
tance. Compute the pendulum's spectral density ;x2(J) due to the Johnson noise 
associated with the flow of current in the resistor. 
c. Is there a difference, physically, between the damping processes in parts a. and 
b.? 
3. Pendulum losses due to flexing of the wire material. This problem examines how the 
losses in the pendulum due to flexing of the wire material and the associated thermal 
noise scale with the parameters of the pendulum. 
a. Show that, for a pendulum of fixed mass, the thinner one makes the support wire, 
the weaker will be the damping of the pendulum's swing. 
For parts 1>-<1, assume that the wire is stressed to its maximum safe value, i.e. that 
its tension per unit area is held at the maximum (a fixed constant independent 
of the pendulum's other parameters). 
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b. How do the pendulum's losses, i.e. <t>(w), scale with its mass? How does the 
off-resonance thermal noise scale with the mass? 
c. One way of getting high Q pendulums is to use ribbons with rectangular cross 
sections rather than circular wires. How do the losses in the pendulum scale with 
the ribbon thickness (its short dimension)? How does the off-resonance thermal 
noise scale? 
d. How do the losses and thermal noise in the vertical mode scale with mass? with 
ribbon thickness? 
4. Effective mass coefficients in a simple model of a test mass. The concept of "effective 
mass coefficients" was introduced in Gillespie's lecture (see his transparency numbers 
40-41 and also see reference 7.a of the supplementary reading) . Explicit calculation 
of these effective mass coefficients is a recent development in the gravitational-wave 
field. Previously, experimenters used a model which assumed that the laser was an 
ideal one-dimensional beam and the mass was one dimensional. In this model, the 
modes can be found by solving the one-dimensional acoustic wave equation: 
(4) 
where c is the sound velocity and u(z, t) is the longitudinal displacement of the mass's 
material. 
a . What are the eigenfunctions of the modes? (The boundary condition is no stress 
at the end faces: 8u/8z = 0 at z = ±h/2 where h is the length of the mass.) 
b. What are the effective mass coefficients as a function of Wn the resonant frequency 
of the n'th mode? How do these compare to the actual effective mass coefficients 
of the 40m prototype's test masses for the lowest-frequency mode, wo? for higher-
frequency modes? 
c. What is the mode density p(w)? 
d. What is the low-frequency (w « wo) thermal noise as a function of the highest 
frequency mode included in the analysis? 
e. Experimenters knew that this model was flawed in that the axisymmetric modes 
comprised a two-dimensional system (p(w) <X w), so they used the effective mass 
coefficients of the one-dimensional model but changed the mode density to p(w) <X 
w. What is the low-frequency thermal noise in this case as a function of the highest 
frequency mode included? 
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Lectures 13 & 14 
Thermal Noise 
by Aron Gillespie, 11 & 13 May 1994 
Gillespie lectured from the following transparencies. Kip has added a few annotations to 
them. 
1 
LEC-rURES 13& (1-
Test Mass and Suspensions 
and Thermal Noise 
May 11 & 13 
Aaron Gillespie 
• Equipartition Theorem 
• Key Issues in elasticity 
• Fluctuation Dissipation Theorem & frequency dependence 
of the noise 
• Suspension modes 
• damping mechanisms 
• noise levels 
• Test Mass Vibrational Modes 
• coupling to interferometer 
• damping mechanisms 
• Issues for Advanced Detectors 
• " Excess" Noise 
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Equipartition Theorem 
One definition of a body being at a given temperature is 
that each mode of the system contains on average !kBT 
thermal energy. 
kB = 1.38 X 10- 23 J / K is Soltzman's constant. 
There are then two problems to be solved: 
• identify the relevant modes of the gravitational-wave 
detector 
• evaluate the consequences of those modes having !kBT 
thermal energy. 
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Theory of Elasticity 
Elaticity theory models a solid not as individual atoms, but 
rather as a continuum with a mass density, p, and a spring 
constant per unit length, called a modulus. 
"''NNe ...... ~ 
~ It "'"" k "'" K. "'" ~ 7rZ~Z ~I K 
Motion is described in terms of a displacement vector, ii( r), 
which gives the distance of a particular volume element from 
its equilibrium value. 
Energy and forces are described in terms of strain, which 
is the relative motion of adjacent volume elements, which 
can be described mathematically as the spatial derivative of 
the displacement. "',,., - ",(,. +~) 
~,;:!') tt'(;:-+~) S : ~~ 
In a three dimensional body, the strain forms a 3x 3' tensor, 
called the strain tensor. 
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Suspension Modes 
Pendulum Mode Violin Mode Vertical Mode 
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Pendulum and Violin Modes 
If the principal damping mechanism is due to forces acting 
through the wire, then the losses in the pendulum mode can 
be calculated from the measured losses in the violin modes. 
• 
• 
Energy in the pendulum mode as a function of the bending 
angle: 
Energy in a violin mode: 
1 Ev(O) ~ -TI02 
4 
• For a 4-wire system with the losses concentrated at the 
endpoints, 
LIGO~ 
1 . 
'Ppend(W) ~ 8 x ~ 'Pviolin(W) 
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Vertical Resonance 
Due to the curvature of the earth, vertical motion is coupled to 
the interferometer. 
, <-
a 3,000 
resonant frequency 13 Hz 
8 . 0.6 mrad 
LIGO~ 
Vibrational Thermal Noise 
of Monolithic Test Masses 
Aaron Gillespie and Fred Raab 
Goal: predict the thermal noise in interferometers due to 
vibrational modes of test masses: 
-2( ) __ #. 4kBTi.pn(w) 
x f -- 6 2 
n=l a:nm~w 
parameters to be determined: 
Co the resonant frequencies of all the modes, ~ 
,t the coupling between each mode and the interferometer 
signal, a parameter which we call the effective mass 
coefficient, 971., 
• the damping of each mode, i.pn (w ) 
• the number of modes which must be included, l:i 
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